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Abstract
A population balance model is presented, which tracks particle growth in the gas phase and accounts for
simultaneous agglomeration and sintering: Simulations reveal the evolution of the full distribution of a volume
equivalent diameter and, amongst others, the evolution of the agglomerate collision diameter, a mean primary
particle size and the number of primary particles per agglomerate. Furthermore, assuming fractal behaviour of
the growing agglomerate particles—for the 7rst time—a model for the evolution of a mean value of the fractal
dimension based on physical and process parameters is proposed and incorporated into the simulation model.
PARSIVAL, a commercial solver for integro-di;erential equations is employed to solve the equations involved.
It is based on a generalised 7nite-element scheme with self-adaptive grid- and order construction. Calculations
are performed to validate the model against monodisperse and sectional models published in literature for
the exemplary case of Si production. The results are in good agreement if the same simplifying assumptions
are made. However, results obtained from the new model for both—isothermal and non-isothermal process
conditions—clearly show that it is important to consider the changing fractal dimension in many cases.
? 2003 Elsevier Science Ltd.
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1. Introduction
Gas-phase synthesis of 7ne particles, such as for example SiO2; TiO2 or carbon black, is an
industrial process known for several decades. While the experimental know-how is extensive, process
fundamentals are not yet fully understood. Process simulations via population balance modelling
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Nomenclature
a surface area of 2 sintering (agglomerate) particles, (m2)
aK+1 surface area of K + 1 sintering particles, (m2)
aK+1;min surface area of a sphere with the same volume as K + 1 sintering particles,
(m2)
amin surface area of a sphere with the same volume as 2 sintering, (agglomerate)
particles (m2)
B birth rate in population balance equation, (1=(m4s))
Baggl:(x; t) birth rate due to agglomeration, (1=(m4s))
Fcij averaged thermal velocity of particles i and j, (m/s)
D death rate in population balance equation, (1=(m4s))
Daggl:(x; t) death rate due to agglomeration, (1=(m4s))
Df mass fractal dimension, (dimensionless)
Df ;0 mass fractal dimension at = 1, (dimensionless)
Df ;max maximum value of the mass fractal dimension, (dimensionless)
Df ;min minimum value of the mass fractal dimension, (dimensionless)
Dgb grain boundary di;usion coeHcient, (m2=s)
Di di;usion coeHcient of particle i, (m2=s)
dprim “model” primary particle diameter, (m)
dprim;max size to which primary particles may sinter if Kt ¿ tf , (m)
dprim;old primary particle diameter at the time-step prior to the actual one, (m)
dprim; real “real” primary particle diameter, (m)
gij averaged transition parameter of particle i and j, (m)
h grid spacing of discretised particle size distribution, (dimensionless)
K coordination number, (dimensionless)
kb Boltzmann-constant, (N m=K)
Kmax coordination number at Df = 3, (dimensionless)
Kmin coordination number at Df = 1:7, (dimensionless)
Kn xc based Knudsen number, (dimensionless)
li mean free path of particle i, (m)
mi mass of particle i, (kg)
np particle/agglomerate number concentration, (1=m3)
nprim number of primary particles in an aggregate, (dimensionless)
n(x; t) number density distribution, (1=m4)
p polynomial order, (dimensionless)
R universal gas constant, (Nm=K mol)
s parameter in correlation between Df and , (dimensionless)
t time, (s)
tc characteristic collision time, (s)
tend simulated process time (residence time), (s)
tf characteristic fusion time, (s)
T process temperature (K)
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v volume of a volume equivalent sphere = agglomerate volume, (m3)
vprim primary particle volume, (m3)
w grain boundary width, (m)
x diameter of a sphere of same volume as a referring agglomerate, (m)
xc collision diameter of an agglomerate, (m)
xmin size of the smallest particle at the time t, (m)
Greek letters
 collision kernel, (m3=s)
F collision kernel for two particles of average mass, (m3=s)
Kdprim; sintering increase of dprim due to sintering within one time-step, (m)
Kt scale of actual time-step, (s)
 tolerance of discretisation error, (dimensionless)
 surface energy of a particle, because of missing data  is usually replaced by
the value of the bulk material, (N/m)
 dynamic viscosity of the gas phase, (kg=m s)
 tc/tf , (dimensionless)
 molar volume of di;using species, (m3=mol)
!g geometric standard deviation, (dimensionless)
provide a perspective for parameter studies, process and product optimisation besides gaining a
deeper understanding of the processes under consideration. No wonder, that there is great demand
for simulation tools permitting precise prediction of the evolution of nanopowder characteristics at
reasonable calculation e;ort (MOuhlenweg, Gutsch, Schild, & Pratsinis, 2002).
Powder characteristics usually depend on the combination of several parameters, such as primary
particle size, morphology and collision diameter. Therefore, simulation approaches based on a single
property, such as for example (agglomerate) volume equivalent diameter, only provide access to
very limited information on the widespread features of the powder under investigation.
Koch and Friedlander (1990) made an early attempt to describe particle growth in terms of coagulation
and sintering, characterising an agglomerate not only by its volume, but also by its surface area.
They neglected the inQuence of structure on the collision kernel, which was accounted for by Kruis,
Kusters, Pratsinis, and Scarlett (1993) who developed a monodisperse model to describe the evolu-
tion of particle morphology, size and number concentration of processes involving coagulation and
sintering and used the agglomerate collision diameter to calculate the collision kernel. Main advan-
tage of this model is its computational eHciency. In fact, a coupled solution of CFD simulations
and population balances at reasonable computational e;ort has been accomplished so far only with
related population balance models (e.g. Schild, Gutsch, MOuhlenweg, & Pratsinis, 1999; Johannessen,
Pratsinis, & Livbjerg, 2000). Coagulation kernels based on a monodisperse particle size distribution
do, however, underestimate the collision frequency. Kruis et al. (1993) simpli7ed the evolution of
agglomerate structure signi7cantly as they assumed a 7xed mass fractal dimension Df = 1:8, which
is certainly not true for low particle concentrations (i.e. slow agglomeration) at high temperatures
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(i.e. fast sintering kinetics). An impressively detailed, but computationally very demanding two-
dimensional model was developed by Xiong and Pratsinis (1992, 1993). They treated volume and
surface area as two independent variables and traced their evolution during processes involving again
coagulation and sintering. Another, more recent approach on simulating aggregation and spheroidi-
sation of airborne particles in the continuum and in the free molecular regime has been carried out
by Tandon and Rosner (1999) and Rosner and Yu (2001), respectively, who also treated surface
area and volume as independent variables in their two-dimensional Monte Carlo simulations. These
authors raise the question to model the evolution of the mass fractal dimension, but eventually stick
to a pre-speci7ed constant one. Following an approach of Kumar and Ramkrishna (1997) in order
to avoid numerical di;usion when dealing with surface growth reaction modes, Tsantilis, Kammler,
and Pratsinis (2002) recently developed a moving sectional technique for population balance mod-
elling of Qame synthesis of titania particles. Besides coagulation and sintering their model also in-
cludes chemical reaction, but assumes a constant mass fractal dimension of Df =1:8 which is not valid
during early stages of the process when particles are almost spherical with virtually no degree of ag-
gregation or neck formation as demonstrated by the authors themselves. In their recent simulation of
coagulating and sintering nanoparticles in Qames, Rosner and PyykOonen (2002) 7nally made a 7rst at-
tempt in calculating Df , describing it as a function of the number of primary particles in an aggregate.
The evolution of the fractal dimension, however, is a function of particle collision frequency, fusion-
and residence time, thus of physical and process parameters. Its simulation should consider these
rather than temporal product characteristics, such as the number of primary particles per aggregate.
The model proposed in this work provides the full distribution of a volume equivalent diameter
and a mean primary particle size. Based on the assumption of fractal behaviour (e.g. Mandelbrot,
1977) of the growing aggregate particles, the evolution of a mean value of the fractal dimension is
calculated as a function of characteristic fusion- and collision time. Agglomerate collision diameter
and number of primary particles in an aggregate may then be readily derived. Purpose of the model
suggested in this work, is to combine reasonable calculation e;ort with an optimal information on
powder characteristics during its evolution due to agglomeration and sintering, while keeping limiting
assumptions at their minimum.
The evolution of Si aggregate particles is chosen as a model process, because it permits substantial
validation against data from the open literature (MOuhlenweg et al., 2002) and therefore provides an
opportunity to demonstrate the essential improvements of this model approach in comparison with
earlier models. The new model approach may be applied to simulate coagulation and sintering of
any other material, such as for example alumina, silica or titania, provided that required material data
is available. A product’s mean primary particle size determines its speci7c surface area and gives
information on agglomerate size—if it is related to the number of primary particles per aggregate.
The evolution of these product characteristics and others, such as the fractal dimension, can be
monitored throughout the simulation process and permits to draw conclusions on product suitability
for potential applications, such as a pigment, 7ller, catalyst (support) or in structural parts.
2. Mathematical model
This model is based on a one-dimensional approach with respect to particle characteristics and
provides the full distribution of the volume equivalent diameter. The evolution of primary particle
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size dprim and a mass fractal dimension Df averaged over the whole particle collective are also
derived and permit to assign individual properties for each aggregate size, such as collision diameter
xc or number of primary particles nprim.
2.1. Population balance equation for one particle property
According to Friedlander (1977) the general dynamic equation taking one particle property into
account—here the volume equivalent diameter x—can be written as
@n(x; t)
@t
+
@n(x; t)
@x
@x
@t
− B+ D = 0: (1)
Eq. (1) constitutes a partial di;erential equation for the number density distribution n(x; t). The 7rst
term on the left-hand side describes the concentration change of particles of size x as a function of
time t, the second term accounts for growth due to condensation and chemical reaction. B is the
so-called birth rate, representing a source term in the population balance equation which considers
the generation of particles of size x due to nucleation, chemical reaction and agglomeration. D is
the so-called death rate, representing a sink term which accounts for the loss of particles of size
x due to coagulation. This work focuses on agglomeration and sintering and assumes that a single
molecule constitutes a stable nucleus. Eq. (1) then simpli7es to
@n(x; t)
@t
− Baggl: + Daggl: = 0: (2)
2.2. View of an agglomerate
This paragraph is intended to provide a general description of the modelling approach for an
agglomerate. Fig. 1 shows the view of a “real” and a “model” agglomerate. “Real” agglomerates
consist of primary particles with varying shape and diameter dprim; real, even within one agglomerate.
“Model” agglomerates are de7ned to consist of spherical primary particles with a single diameter
dprim. The number of primary particles in a “model” agglomerate, which is characterised by a volume
equivalent diameter x, is therefore 7xed for each primary particle diameter dprim.
Collision diameter xc and fractal dimension Df are important parameters in characterising agglom-
erates: in this model, a single fractal dimension Df is assumed to be valid for all particles at one
Fig. 1. View of (a) a “real” and (b) a “model” agglomerate.
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instance. This fractal dimension is a function of characteristic collision and fusion time and may
indeed be subject to change during particle formation and growth process. The collision diameter xc
accounts for the inQuence of agglomerate structure on the collision behaviour and depends on Df ,
dprim and the number of primary particles nprim in the relevant agglomerate.
It is important to point out again that the modelling approach only uses one particle characteristics
coordinate, i.e. particle size. Consequently, the fractal dimension Df and primary particle size dprim
are averaged values for all particles of the aerosol, irrespective of agglomerate size.
2.3. Agglomeration
This model accounts for binary particle collisions due to Brownian agglomeration. If two colliding
particles adhere, they are assumed to form a new one, comprising the mass of both collision partners.
With respect to the volume equivalent diameter x, birth rate Baggl: and death rate Daggl: can be
formulated as follows:
Baggl:(x; t) =
1
2
∫ (x3−x3min)1=3
xmin
[(x3 − x˜3)1=3; x˜; t]n[(x3 − x˜3)1=3; t]n[x˜; t] dx˜; (3)
Daggl:(x; t) =
∫ ∞
0
(x; x˜; t)n(x; t)n(x˜; t) dx˜: (4)
 is the collision kernel and a function of time if process parameters such as pressure and temperature
are time-dependent. xmin denotes the size of the smallest particle involved in the process at the time
t. The calculation of  is based on the Fuchs interpolation formula outlined in Seinfeld (1986):
 = 2#(Di + Dj)(xci + xcj)
(
xci + xcj
xci + xcj + gij
+
8(Di + Dj)
Fcij(xci + xcj)
)−1
; (5)
Di denotes the di;usion coeHcient, xci the collision diameter and Fcij and gij refer to an averaged
agglomerate velocity and a transition parameter of particle i and j. Based on the use of the collision
diameter xc instead of the volume equivalent diameter x, Eq. (5) accounts for the inQuence of
structure on collision behaviour. xc is calculated following Kruis et al. (1993) as
xc = dprim
(
v
vprim
)1=Df
= dprim(nprim)1=Df : (6)
2.4. Fractal dimension
Tracing the evolution of the fractal dimension is a very important issue, not only in order to gain
information on particle morphology, but also in order to calculate more realistic collision diameters
(Eq. (6)) and optimised coagulation kernels (Eq. (5)) in comparison with models which assume a
constant fractal dimension. Tracing the fractal dimension is particularly important during aggregation
processes which start from quickly sintering spheres (Df =3) and gradually generate fractal aggregates
because of decreasing process temperature, and/or increasing (primary) particle size, such as in the
industrial relevant Qame processes (e.g. Pratsinis, 1998).
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The fractal dimension is closely related to characteristic fusion time tf and characteristic collision
time tc. If tf is much smaller than tc, adherent particles will nearly always be completely fused prior
to the next collision event. Therefore, mostly isolated spherical particles will be formed with a fractal
dimension Df =Df ;max =3. In the opposite case, thus if tc is much smaller than tf , adherent particles
will face their next collision event far before sintering has been terminated. Agglomerates with
fractal dimensions around 1:7 (=Df ;min; e.g. Xing, Rosner, KOoylOu, & Tandon, 1997)—as common for
cluster–cluster aggregation (Schaefer & Hurd, 1990)—will be generated then. Here, a characteristic
number  is de7ned, which can be correlated with Df :
=
tc
tf
: (7)
The characteristic collision time tc is determined by following an approach of Rosner and
Yu (2001) as
tc =
1
Fnp
(8)
F is the collision kernel for two particles (agglomerates) of size x3
1=3
, i.e. of average mass and
np is the particle/agglomerate number concentration. tc therefore characterises a mean characteristic
collision time for the prevailing particle size distribution at a time t.
The calculation of the characteristic fusion time tf particularly depends on temperature, primary
particle size, material and sintering mechanism (e.g. Coblenz, Dynys, Cannon, & Coble, 1980). As-
suming grain boundary di;usion to be the relevant mechanism for sintering Si-particles (MOuhlenweg
et al., 2002), then
tf =
0:013RTd4prim
16wDgb 
; (9)
where  is the surface energy, w the grain boundary width, Dgb the grain boundary di;usion coeH-
cient and  the molar volume of the di;usion species.
Any approach to correlate Df with  has to match the two limiting cases for tctf and tctf with
Df approaching Df ;min = 1:7 and Df ;max = 3, respectively. These limits are expected to be gradually
attained if tc and tf di;er by a signi7cant factor. Within the frame of this work, the following,
preliminary approach is suggested:
Df =
{
Df ;min + (Df ;0 − Df ;min)1=s 6 1;
Df ;max − (Df ;max − Df ;0)s ¿ 1:
(10)
The correlation of Eq. (10) is depicted in Fig. 2. s is a parameter which determines the gradient of
the above function. For the main set of simulations, it is chosen to be equal to 1, so that tc and tf
di;er by a factor of approximately 10 when the limits for collision- and fusion-limited behaviour
are attained. Within the frame of a sensitivity analysis, which is discussed in the next section, s is
varied between 0.75 and 1.5 in order to alter size and therefore importance of the domain between
collision- and fusion-limited regime. Df ;0 =Df (=1) accounts for the fractal dimension at identical
characteristic collision and fusion time and is assumed to be equal to the average value between the
limiting cases, thus equal to 2.35.
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Fig. 2. Correlation between characteristic number  and fractal dimension Df .
The importance of a reasonable approximation of Df shall be highlighted with the following
example: The collision diameter of an aggregate with Df = 2:35 which consists of 20 primary
particles will be overestimated by as much as 63% if—to simplify matters—a fractal dimension of
1.7 is assumed. The overestimation becomes even more signi7cant if the number of primary particles
per aggregate increases.
Due to leaking experimental data, it has to be emphasised that the proposed preliminary approach
on correlating Df with  is particularly based on assumptions in the domain between collision- and
fusion-limited regime. The overall assumptions appear to be reasonable, whereby the 7nal setting
of parameters (i.e. Df ;0; s) remains arbitrary to a certain extend. In de7ance of these uncertainties
and further research need, a sensitivity analysis, which is discussed in section 3.2 clearly shows that
assigning and accounting for a fractal dimension, which is based on the ratio of the characteristic
collision and fusion time, contributes to a more realistic model approach.
2.5. Primary particle size
While the impact of agglomeration is limited to changing the aggregate particles overall vol-
ume, the mean primary particle size dprim is solely a;ected by sintering. This modelling approach
only considers one-particle characteristics coordinate (i.e. particle size distribution with respect to
particle size x) but additionally accounts for a mean value of dprim, which is tracked throughout
the simulation by simultaneously solving a di;erential equation describing the evolution of the pri-
mary particle size. While this is a strong simpli7cation of the situation, it appears to be a good
trade-o; between a two-dimensional population balance (i.e. extremely high computational costs)
and completely neglecting the evolution of the primary particle size due to sintering.
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For describing the 7nal stages of sintering of a slightly non-spherical particle, initially consisting
of two contacting spheres, Koch and Friedlander (1990) proposed the following expression
da
dt
=− 1
tf
(a− amin); (11)
where a is the momentary surface area of the two spheres and amin the surface area of a sphere
with the same volume as the sintering particles.
Attempts to extend the validity of this expression to dendritic aggregates have been made for
example by Lehtinen, Windeler, and Friedlander (1996) or by Johannessen et al. (2000). Their
approaches are based on the idea of treating aggregate fusion on primary particle level. Lehtinen
et al. (1996) assume that the coalescence law (Eq. (11)) holds for groups of primary particles and
that the overall sintering rate is proportional to the number of primary particle groups in the relevant
aggregate particle. The number of primary particles in such a group is correlated to a constant average
coordination number K . Johannessen et al. (2000) propose on the other hand that the overall sintering
rate is proportional to the number of contact points within an aggregate. Their calculations rely on
the restrictive assumption that branched aggregates without cyclic structures prevail.
In the frame of this work primary particle growth is modelled following the approach of Lehtinen
et al. (1996). This work additionally intends to account for the evolution of the coordination number
K due to restructuring and sintering.
An agglomerate of nprim primary particles is partitioned into groups, each consisting of an arbitrary
“central” primary particle and K adjacent neighbours, thus of K+1 primary particles. K is the mean
coordination number and a function of agglomerate structure, thus of Df and may—as discussed
later—change during the simulation process.
Based on the agglomerate partitioning, Eq. (11) can be rewritten as
da
dt
=
nprim
K + 1
(
− 1
tf
(aK+1 − aK+1;min)
)
: (12)
With
aK+1 = (K + 1)#d2prim; (13)
aK+1;min = (K + 1)2=3#d2prim; (14)
a= nprim#d2prim =
6v
dprim
(15)
and, because sintering does not a;ect the agglomerate volume v, thus v= constant,
da
dt
=− 6v
d2prim
ddprim
dt
=−nprimdprim#ddprimdt : (16)
Combining Eq. (12) to (16) a di;erential equation for dprim is obtained. The primary particle growth
rate due to sintering, therefore, is
ddprim
dt
∣∣∣∣sintering = 1tf dprim(1− (K + 1)−1=3) ; (17)
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so that
Kdprim; sintering =
1
tf
dprim(1− (K + 1)−1=3)Kt: (18)
After each time-step, the primary particle size is 7nally calculated as
dprim = dprim;old + Kdprim; sintering: (19)
dprim;old accounts for the primary particle diameter attained at the prior time-step. It is assumed
that primary particles can only grow to a maximum size dprim =dprim;max during the actual time-step
Kt, which corresponds to the volume equivalent diameter of a particle of average
mass x3
1=3
.
Obtaining dprim permits to calculate the number of primary particles in an aggregate, which is
nprim =
v
vprim
: (20)
2.6. Mean coordination number
The mean coordination number K of an arbitrary primary particle is a function of agglomerate
structure, thus of Df . In openly structured agglomerates (Df ≈ 1; 7) primary particles will face at
least two neighbouring particles (K = 2) or slightly more in average, if contacts between di;erent
agglomerate branches and subsequent adhesion are not uncommon. Computer simulations of Brasil,
Farias, Carvalho, and Koylu (2001) have revealed that K is independent of agglomerate size, but
increases due to restructuring and mutual penetration, thus due to sintering. K therefore increases as
Df increases. Simulation results obtained by Brasil et al. (2001) suggest that K is in the range of
at least 4 in densely packed aggregates, thus if Df approaches 3. Ulrich and Subramanian (1977)
evaluated micrographs of silica samples which show particles with an average coordination number
of 4. Sintering of these particles is well before its 7nal stage so that Df is still signi7cantly less
than 3. Restructuring and sintering are responsible for an increasingly dense aggregate structure as
Df approaches 3. However, due to random and therefore non-uniform primary particle alignment it
is assumed that Kmax stays well below 12, which is the value obtained in the case of a most dense
arrangement of monosized spheres.
Since the exact correlation between K and Df is not yet known, a linear interpolation between
these limiting cases is suggested as a 7rst approach to describe the correlation between K and Df
for 1:76Df 6 3. Provided nprim¿K + 1, this approach simply is
K = Kmin +
Df − Df ;min
Df ;max − Df ;min (Kmax − Kmin): (21)
The main set of simulations is based on Kmin = K(Df = 1:7) = 2:2 and Kmax = K(Df = 3) = 6. It
considers random particle contacts followed by adhesion at low fractal dimensions and accounts
for restructuring and sintering at process conditions typical for high fractal dimensions. However,
the impact of these mechanisms is only known qualitatively. The characteristic values of Kmin and
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Kmax are therefore varied within the frame of a sensitivity analysis and the corresponding results are
presented and discussed in section 3.2.
2.7. Applied solver for integro-di7erential equations
This model is implemented in PARSIVAL, a commercial solver for integro-di;erential equa-
tions. The numerical algorithm implemented in PARSIVAL will be only sketched brieQy in the
following. A detailed description is given by Wulkow, Gerstlauer, and Nieken (2001). The algo-
rithm uses a 7nite-element type Galerkin h–p-method and applies a time discretisation of Rothe’s
type: The time-step size is determined by an error estimator using a multiplicative error correction
(Bornemann, 1991). This type of time discretisation leads to a stationary partial di;erential equation
which is solved by a 7nite element type scheme using variable grid spacing, i.e. intervals of parti-
cle size. In each interval the particle size distribution is represented by Legendre polynomials of a
variable degree. Based on a local error estimation grid spacing h as well as polynomial order p are
adjusted individually and automatically for each interval so that a discretisation error smaller than
a given limit  is obtained at minimum computational costs. The implementation of the Galerkin
method further necessitates the construction of a matrix representing the 7nite version of the di;er-
ential equations. This requires numerical integration which is accomplished by a Gaussian quadrature
method. These integrals have been implemented for a substantial number of terms, e.g. convection,
di;usion, breakage, agglomeration, nucleation, growth etc. Consequently, PARSIVAL may be con-
sidered as a general toolbox to solve a large class of partial integro-di;erential equations. For this
purpose, the constituting di;erential equations and the respective coeHcients (e.g. agglomeration or
growth kernel which may be quite complex) have to be formulated in a command language. Further-
more, additional di;erential equations can be solved simultaneously, as was done when calculating
the primary particle size dprim in our simulations. Hence, the code can be readily applied to the phe-
nomena investigated here and it is very well suited for model extensions accounting for nucleation,
condensation and surface reaction.
The main advantage of the Galerkin h–p method is, that the particle size distribution is given
as a polynomial expansion between a minimum particle size and a maximum particle size which
is also adjusted automatically to keep errors below a given tolerance. No further assumptions are
made, e.g. concerning the shape of the particle size distribution as for example in moment methods.
Moreover, there is no need for averaging particle characteristics such as in sectional models. The
method does not inherently enforce conservation of mass as typically done in sectional methods.
For these methods, numerical errors will therefore be reQected in the shape of the particle size
distribution in an unknown manner. Contrarily, numerical errors in the Galerkin method may lead to
a certain amount of a mass defect at the end of the simulation. However, if this mass defect is very
small the size distribution may be expected as of high accuracy. Consequently, the mass defect may
be used as a quantitative measure of the overall accuracy. This numerical accuracy is inQuenced by
the required tolerance  used by the local error estimators of the solver. Reducing  leads to a 7ner
discretisation of the particle size axis and/or higher polynomial orders, respectively. This improves
the numerical accuracy and hence reduces the mass defect, however at the expense of increasing
computational e;ort.
By adjusting  the mass defect in our calculations was always kept below 0.5%, indicating a
very good accuracy. A further reduction of  resulted in marginal discrepancies only. The chosen
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method therefore provides high and quanti7able numerical accuracy which can be adjusted according
to particular requirements.
3. Model validation and discussion
The model illustrated in this work is validated by comparing its predictions with available data
from the open literature for coagulating and coalescing Si aggregate particles. The validation is per-
formed against a monodisperse model of Kruis et al. (1993) and two sectional models of MOuhlenweg
et al. (2002)—a one-dimensional (1D) and a complex, two-dimensional (2D) model. All these mod-
els account for coagulation and sintering. The 1D sectional approach is based on a development of
Hounslow, Ryall, and Marshall (1988), the 2D one on a model developed by Xiong and Pratsinis
(1992, 1993). Simulation results as discussed below refer to isothermal process conditions as spec-
i7ed in MOuhlenweg et al. (2002) (see also Table 1) and rely on physical constants given in Kruis
et al. (1993).
However, a particularly important class of processes are non-isothermal ones which start from
high temperatures where particles undergo very fast sintering and subsequently cool down to low
temperatures where sintering is completely inhibited. Such process conditions occur in Qame-, laser-
and plasma reactors (e.g. Tsantilis et al., 2002; Girshick & Chiu, 1990) and even in hot wall
reactors, the temperature pro7le is not necessarily isothermal. Therefore, results for an exemplary
linear temperature pro7le are also discussed within the frame of this work.
3.1. Isothermal process conditions
The simulations considered here aim to tract the evolution of coagulating and coalescing Si
aggregate particles at 573, 773 and 1073 K, respectively (MOuhlenweg et al., 2002). This evolu-
tion is discussed through referring to number concentration np (Fig. 3), primary particle size dprim
(Fig. 4), mean number of primary particles per aggregate nprim (Fig. 5) and fractal dimension Df
(Fig. 6). Although np is irrelevant in view of the usage of the 7nal product, it has a major inQu-
ence on the coagulation kinetics and a;ects product characteristics such as agglomerate size. dprim
adjusts product properties, such as melting point, light adsorption, speci7c surface area or reactivity
Table 1
Constant and varied parameters in simulations referring to isothermal process conditions
Basic parameters np;0 = 1022 m−3 Initial monomer concentration
tend = 0:1 ms Simulated process time (residence time)
Sensitivity analysis T = 773 K Process temperature
K(Df ;min) = 2:0; 2:2 Coordination number at Df = Df ;min
K(Df ;max) = 4; 6 Coordination number at Df = Df ;max
s = 0:75; 1:0; 1:5 Gradient determining parameter in Df = f(; s) (Eq. (15))
Varied process parameters T = 573 K; 773 K; 1073 K Process temperature
Df = f(; s = 1); 1:8 Mass fractal dimension
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Fig. 3. Comparison of the evolution of particle number concentration with results obtained by MOuhlenweg et al. (2002).
Fig. 4. Comparison of the evolution of primary particle size dprim.
and characterises—together with nprim and Df—agglomerate size and structure. Depending on the
product material, control of these parameters permits optimised performance for applications such
as a pigment, 7ller, catalyst or in structural parts and protective coatings (e.g. Andres et al., 1989;
Wegner & Pratsinis, 2000).
The evolution of particle number concentration is shown in Fig. 3, np decreases as time proceeds.
This decrease is more pronounced at lower temperatures since the particle depletion rate is determined
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Fig. 5. Comparison of the evolution of the mean number of primary particles per aggregate.
Fig. 6. Evolution of the fractal dimension Df , with extra information on Df at T = 873 K.
by the coagulation kernel which particularly depends on process temperature (pro7le) and on particle
collision diameter xc (Eq. (5)). High temperatures favour Brownian motion, but also sintering kinetics
and may therefore lead to signi7cantly smaller collision radii. In the case considered here, the
simulated mean value of xc, which is reached after a time interval of 0:1 ms, increases from 2:85 nm
at T=1073 K to 107:9 nm at T=573 K. Obviously, the temperature dependence of sintering kinetics
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outbalances that of Brownian motion, so that the aggregate number concentration decreases faster in
the presence of lower temperatures.
Variations between simulation results obtained from the di;erent models are obvious and can be
correlated to each other as follows: The coagulation rate of monodisperse particle systems is generally
lower than of polydisperse systems, because neglecting the spread of a particle size distribution results
in underestimated coagulation rates (Eq. (5)), hence the monodisperse model always predicts higher
particle number concentrations compared to the respective sectional models. The characteristics of
the curves referring to the new model (closed lines) can be directly related to accounting for the
evolution of the fractal dimension (see Fig. 6): According to the new model Df equals 1.7 throughout
the simulation process at T = 573 K, it slowly decreases from 2.3 to 1.92 at T = 773 K and it is
equal to 3 at T = 1073 K for the whole simulation period under consideration. MOuhlenweg et al.
(2002), as well as Kruis et al. (1993) do on the other hand assume a constant Df = 1:8 in all cases.
This assumption results in slightly lower collision kernels and higher particle number concentrations
at T =573 K, but in signi7cant deviations at T =773 K because of not considering the evolution of
Df when calculating xc (Eq. (6)).  is therefore overestimated and np is seriously underestimated if
relying on calculations according to the sectional models. The surprisingly good agreement between
the results obtained from the monodisperse model and the new model at T =773 K is due to nearly
balancing of two counteracting simpli7cations of the monodisperse model, that is simultaneously
neglecting the spread of the particle size distribution and the evolution of the fractal dimension Df .
At T=1073 K, the impact of Df on  and hence on np is little because the vast majority of particles
still appears as single spheres (see Eq. (6)).
Fig. 4 focuses on the evolution of the primary particle size dprim. At 573 K sintering is hampered
and primary particles do not grow. However, at higher temperatures primary particles increasingly
start to grow because of enhanced sintering kinetics. At T = 773 K primary particle growth is still
fusion limited for most of the simulation period because the characteristic collision time is less than
the characteristic sintering time. The slight systematic deviation of dprim in comparison with the other
models can be interpreted as such that the number of contact points is underestimated in relation to
Df in the referring linear correlation (Eq. (21)). Since this model only calculates an average primary
particle size, it has to be recalled that dprim also depends on the de7nition of the upper growth limit
for tf ¡Kt, which is suggested to be the volume equivalent diameter of a particle of average mass.
At T = 1073 K, primary particle growth is clearly collision limited since fractal aggregates do not
form (nprim = 1).
The evolution of the mean number of primary particles per aggregate is shown in Fig. 5. The
models do not deviate at T = 1073 K because fusion is too fast to permit the formation of nu-
merous fractal aggregates. However, at lower temperatures deviations become signi7cant for certain
process conditions. At T = 573 K, the results obtained by the two sectional and the new model
nearly match, and in fact the small deviation of the latter one may be attributed to the slightly
lower fractal dimension in comparison with the sectional models (Fig. 6), which enhances aggrega-
tion and—because sintering is absent—results in a slightly higher number of primary particles per
aggregate. The signi7cant deviation of results obtained from the monodisperse model is due to the
underestimated coagulation rate. The picture is clearly di;erent at T =773 K: The monodisperse and
the sectional models fail to describe the evolution of Df resulting in a signi7cant underestimation
of its value at such process conditions, which leads to a considerable overestimation of the collision
kernel and hence of the number of primary particles per aggregate. The simulation results deviate
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Table 2
Summarised simulation results for T = 773 K
np=1018=m3 nprim dprim=nm
Monodisperse model ca. 5.37 ca. 23.9 ca. 1.66
1D sectional model ca. 2.61 ca. 41.2 ca. 1.75
2D sectional model ca. 2.44 ca. 62.6 ca. 1.54
This work 7.00 17.4 1.47
This work Df = 1:8 3.81 33.2 1.45
less for the monodisperse model, but simply because the above e;ect is partly balanced by the
impact of neglecting the spread of particle size.
The evolution of the fractal dimension Df is shown in detail in Fig. 6 for di;erent process
temperatures, namely 573, 773, 873 and 1073 K, in comparison with Df = 1:8 (e.g. MOuhlenweg
et al., 2002). At T = 1073; tftc and fusion is completed basically immediately after the collision
event. Particles remain spherical throughout the considered period so that Df = 3. Vice versa, at
T = 573 K sintering is inhibited, because tftc and Df = 1:7 throughout the simulated period.
The situation is clearly di;erent at intermediate temperatures as shown for T = 773 and 873 K.
The fractal dimension slowly decreases from 3.00 to 2.59 at T = 873 K and from 2.30 to 1.92
at T = 773 K and tend = 0:1 ms. Characteristic collision and fusion time are of the same order of
magnitude for a signi7cant period of the simulation time. However, their ratio relative to each other
changes, resulting in an evolution, more precisely in a decrease of Df : Growing primary particles
lead to increasing characteristic fusion times and favour lower fractal dimensions. Collision events—
thus agglomeration—on the other hand reduce particle number concentration np and lead to longer
characteristic collision times, which favour higher fractal dimensions. At early process stages, the
increase of tf due to primary particle sintering appears to outbalance the increase of tc as a result
of decreasing particle number concentration due to agglomeration. However, for T = 773 K and
t ¿ 0:05 ms; Df seems to approach a constant value, indicating that tf and tc continue to increase
at equal rates.
In order to verify the above argumentation, the model presented in this work has been modi7ed
by assuming a 7xed Df = 1:8 throughout the simulation process. Simulation results referring to the
evolution of the mean number of primary particles and the particle number concentration are shown
in Fig. 7 for T=773 K and are compared with results as discussed above (see Figs. 3 and 5). Setting
Df = 1:8 increases particle collision diameter xc (Eq. (6)) and agglomeration kernel  (Eq. (5)) and
results in a faster decline of the particle number concentration. Because sintering is moderate, so
that primary particles do not fuse completely immediately after colliding, the number of primary
particles per aggregates is higher in comparison with when accounting for the evolution of Df . The
results consequently approach signi7cantly towards those gained from the sectional models (Fig. 7).
The simulation results obtained for a process temperature of 773 K are summarised in Table 2.
Following the above validation of this model against other models by comparing and discussing
the evolution of particle number concentration, primary particle size and number of primary particles
per aggregate, purpose of Fig. 8 is to show the number frequency distribution of the target size—
here the volume equivalent diameter x—at the end of the simulated period as a function of process
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Fig. 7. Comparison of the above simulation results at T = 773 K with those obtained from setting Df = 1:8 in the model
presented in this work.
Fig. 8. InQuence of process temperature on number-frequency distribution of the volume equivalent diameter x (t=0:1 ms;
Df = f(; s = 1:0) if not mentioned otherwise).
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Fig. 9. Evolution of the geometric standard deviation of various number-frequency distributions.
temperature. Fig. 9 provides additional information on the evolution of the standard deviation of
these distributions.
The volume equivalent diameter only depends on the number of collision events and on the size
of the collision partners as long as adhesion of the colliding particles is a reasonable assumption.
As discussed earlier, the number of collision events is determined by Brownian motion and by
the collision diameters of the referring particles. Here, the number frequency distribution is shifted
towards larger volume equivalent particle sizes as the process temperature decreases. The impact of
the collision diameter on the number of collision events is therefore dominant as already mentioned
above. At T=773 K the fractal dimension as a function of  is signi7cantly larger than 1.8 throughout
the simulation process.  is therefore overestimated if Df is assumed to be equal to 1.8, collisions
between particles become more likely and the number frequency distribution is shifted towards larger
particle sizes. The opposite e;ect occurs at T = 573 K and Df = 1:8, but to a minor extend while
no change of the number frequency distribution is recorded at T = 1073 K because according to
Eq. (6), Df has no impact on xc as long as single spheres prevail.
Starting from a (nearly) monodisperse monomer size distribution, the geometric standard devia-
tion !g increases quickly. For T = 1073 K, it approaches 1.47, which is in good agreement with
results obtained by Vemury and Pratsinis (1995) for spherical particles (Df = 3). These authors
studied self-preserving size distributions of agglomerates in detail in the free molecular and in the
continuum regime: In case of fractal aggregates, the self-preserving size distribution broadens in the
free molecular regime and narrows in the continuum regime with decreasing fractal dimension com-
pared to completely coalescing aerosols. These trends clearly agree with the other curves shown in
Fig. 9: At T =773 K, the considered process still takes place in the free molecular regime; however
Df is clearly smaller than 3, producing distributions with elevated geometric standard deviations. !g
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quickly approaches 1.7 for Df = 1:8, while it increases only gradually and to a lesser extend if the
evolution of Df is considered. The situation is more complicated at T =573 K : Df = 1:7 throughout
the whole process, however, not more than its early stage is characterised by the free molecular
regime. The particle size distribution quickly starts to cross the transition regime and !g gradually
decreases from 1.74 to 1.30 to eventually reach the self-preserving limit in the continuum regime.
3.2. Sensitivity analysis
Purpose of the sensitivity analysis is to investigate the inQuence of Df = Df (; s) and of the
correlation between fractal dimension and coordination number K on the evolution of the fractal
dimension and hence on product characteristics such as mean primary particle size or mean collision
diameter. The above relations are associated with uncertainties in the sintering part of the model.
Because process temperatures of 573 and 1073 K refer to limiting cases with virtually no sintering
and no fractal aggregation, respectively, the intermediate temperature of 773 K is chosen for carrying
out the subsequent analysis. It provides similar characteristic fusion and collision times for primary
particles as considered here.
s is an important parameter in Eq. (10) and determines the gradient in Df = Df (; s) (Fig. 2).
Varying s signi7cantly alters the span of the characteristic number = tc=tf during which the impact
of the fractal dimension on product characteristics requires particular attention. While simulation
results between conventional models and the model proposed in this work are not expected to di;er
for the two limiting cases, thus if tctf or if tctf , the impact of accounting for the evolution of
the fractal dimension is expected to become increasingly important (Eqs. (5) and (6)), if the time
during which tc and tf are of the same order of magnitude increases. s is varied between 0.75 and
1.5 within the frame of this sensitivity analysis. The resulting evolution of the fractal dimension
and of the mean collision diameter is shown in Fig. 10: Increasing s from 0.75 to 1.5 results in a
signi7cantly faster decline of Df . Fractal aggregates with an elevated number of primary particles
and collision diameter (Eq. (6)) start to form at an earlier process stage. xc increases from 5:2 nm
for s=0:75 to 10:9 nm for s=1:5 at t=0:1 ms. It obviously appears to be important to account for
the evolution of the fractal dimension, although additional research work is certainly needed in order
to gain a more comprehensive and detailed understanding of the inQuence of physical and process
parameters on Df .
A second focus of the sensitivity analysis is to examine the evolution of primary particle size
for two di;erent linear correlations between Df and K . Both approaches are based on computer
simulation results of Brasil et al. (2001) and on observations of Ulrich and Subramanian (1977).
The 7rst correlation only accounts for a minimum of contact points, i.e. it is assumed that primary
particles only face 2 neighbouring particles as an average in openly structured aggregates (Df = 1:7)
and that K only increases to the order of 4 as Df approaches 3. The second approach further
considers possible contacts between di;erent agglomerate branches followed by adhesion and a more
pronounced increase of K as Df approaches 3. However, due to random and therefore non-uniform
primary particle alignment it is assumed that Kmax stays well below 12 as it would be obtained
in the case of a most dense arrangement. The referring simulation is based on Kmin = 2:2 and on
Kmax = 6 (Eq. (21)). Comparing these two linear correlations indicates that primary particle growth
is slightly favoured by an increasing number of contact points between primary particles. dprim is
equal to 1:44 nm if the correlation accounting for a minimum of such points is applied and equal
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Fig. 10. InQuence of s on the evolution of fractal dimension and collision diameter.
Table 3
Constant and varied parameters in simulations referring to non-isothermal process conditions
Basic parameters np;0 = 1022 m−3 Initial monomer concentration
tend = 1 ms Simulated process time (residence time)
dT=dt =−2:5× 105 K=s Temperature gradient
T0 = 973 K Initial temperature
Tend = 723 K Final temperature
Varied process parameter Df = f(; s = 1); 1:7 Mass fractal dimension
to 1:47 nm if their number is moderately raised. The simulation results do obviously not appear to
be very sensitive to altering the correlation between K and Df within reasonable limits.
3.3. Non-isothermal process conditions
The industrial production of nanoscaled powders in Qame reactors, such as of TiO2 or SiO2 in-
volves important, however non-isothermal processes. Although it is not the intention of this work
to discuss these processes in detail, it is certainly important to demonstrate the applicability of this
modelling approach to non-isothermal conditions and to show its performance in describing agglomer-
ation and sintering in comparison with earlier models. In order to preserve continuity, the calculation
is once again focused on coagulating and coalescing of Si aggregate particles, although any other
process based on these phenomena is conceivable. Process conditions (Table 3) are summarised as
follows: Starting from an initial temperature of 973 K and a monomer concentration of 1022m−3 a
constant temperature gradient of −2:5 × 105 K=s is considered which is of the order of magnitude
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Fig. 11. Comparison of the evolution of number concentration np and mean number of primary particles nprim at
non-isothermal process conditions for simulations with Df = f() and Df = 1:7.
as for example observed by Windeler, Friedlander, and Lehtinen (1997) during the production of
nanometer-sized metal oxide particles in a free jet. The simulated period is 1 ms, thus 10 times as
long as in the isothermal cases in order to cover a temperature range of several hundred K.
Fig. 11 shows the evolution of number concentration np and number of primary particles nprim at
non-isothermal process conditions as speci7ed above for simulations with Df = f() and Df = 1:7,
which corresponds to Df () in the collision limited regime as de7ned in this work. Fig. 12 provides
additional information on the referring evolution of Df and the mean primary particle diameter dprim.
As time proceeds np decreases. This decrease is more pronounced for Df = 1:7, because this
assumption leads to overestimating the collision diameter xc (Eq. (6)) and hence the coagulation
kernel  (Eq. (5)) for 1:7¡Df ¡ 3 or 0:075¡t=ms¡ 0:69, respectively (Fig. 12). While cross-
ing this intermediate regime, which is identi7ed by similar characteristic collision and fusion times,
pre-assuming Df = 1:7 does a;ect both—the evolution of the number of primary particles per aggre-
gate and the evolution of the primary particle size: Since coalescence is not truly immediate upon
collision, overestimated coagulation rates result in more primary particles per aggregate. However,
coalescence is still fast enough to keep the overall number of primary particles small for most of
that period (Fig. 11). If nprim ¡K + 1, with K according to Eq. (21), the coordination number K
can in fact no longer be calculated according to this equation, but simply becomes nprim − 1. In
this case, K depends on collision probability, thus the coagulation kernel which is overestimated for
Df =1:7—so is the primary particle growth rate (Eq. (17)) and hence primary particle size (Fig. 12).
Although this study of non-isothermal process conditions is quite limited, it is still suited to
emphasise again the relevance of considering the evolution of the fractal dimension. Omitting to do so
is clearly shown to result in signi7cant deviations with respect to predicting product characteristics—
such as number of primary particles, mean primary particle diameter and hence surface area and
aggregate size—which determine product quality and therefore market value.
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Fig. 12. Evolution of fractal dimension Df and number of primary particles per aggregate.
4. Conclusions
A new population balance model has been developed, which tracts the evolution of particle char-
acteristics in the gas phase and accounts for simultaneous agglomeration and sintering. Simulations
reveal the evolution of the full distribution of a volume equivalent diameter and tract, amongst oth-
ers, the evolution of the agglomerate collision diameter, a mean primary particle size and the number
of primary particles per agglomerate. Assuming fractal behaviour of the aggregate particles—for the
7rst time—the evolution of a mean value of the fractal dimension is modelled.
The model is validated by comparing its predictions against simulation data obtained from a
monodisperse, a 1D sectional and a 2D sectional model. Simulation results are in good agreement
with the 1D and the 2D sectional model if either coagulation or sintering is dominant, while results
gained from the monodisperse model deviate because that type of model neglects the spread of
the particle size distribution. However, it was shown that considering the evolution of the fractal
dimension is of particular importance if characteristic fusion and collision time are of the same
order of magnitude. At such process conditions not accounting for this evolution is the reason for
signi7cant deviations between simulation results gained from the sectional models with constant
Df and those obtained from the model presented in this work. The new model was additionally
validated against the above mentioned models by carrying out simulations with a 7xed Df = 1:8.
As expected, such results were shown to be in remarkable agreement with those obtained from the
sectional models. Finally, non-isothermal process conditions were considered as they are typical for
important industrial aerosol generation processes.
The overall objective of this publication is to emphasise the importance of considering the evolu-
tion of the fractal dimension of particles when dealing with gas-phase processes, in particular with
industrially relevant aerosol generation processes in Qames where Df is equal to 3 during early
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process stages and decreases as primary particles grow and as temperature declines. Despite uncer-
tainties with respect to precisely simulating the evolution of Df it might be much more important
to account for the evolution of the fractal dimension than choosing a computationally demanding
model when aiming to obtain realistic simulation results.
These model calculations are based on a simple approach which correlates the ratio of characteristic
fusion and sintering time with the fractal dimension. Additional research work is certainly required
in order to gain a more comprehensive and detailed understanding of the inQuence of physical and
process parameters on Df : These parameters do not only govern the fractal dimension, they do also
a;ect the particles growth history and have an impact on agglomerate size, primary particle size and
on structure, hence on product characteristics, which make up the product value and determine the
gross margin of the relevant process.
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